The approach we use is different that Tanaka's one, and relies on a perturbation result discussed in [I] that leads to rather simple proofs. Roughly, the main advantages of using this abstract perturbation method are that (i) we can obtain sharper results, like the multeplicity ones;
(ii) we can deal with a general manifold like M = R x Mo, not only M = R x s N , when the results -for the reasons indicated before -cannot be easily obtained by using Tanaka's approach.
The author wishes to thank professor Ambrosetti, for suggesting the problem, teaching him the perturbative technique, and much more.
Spheres
In this section we assume M = I x S N , where SN = {< E R N f l : = 1) l. For s E $ T E T , R x R, E E s N , q E T~s~, let be the standard product metric on M = R x sN. We consider a perturbed In particular, we split Eo into two parts, namely
The form of EE suggests to apply the perturbative results of [I] that we recall below for the reader's convenience. (12) where p, q E lRN+l, p q = 0, Ip( = 191 = 1. Hence Eo has a "critical manifold"
given by
Lemma 2.3. Z satisfies (AS2)-(AS3).
Proof. The first assertion is known, see for instance [lo] .
For the second statement, we closely follow [6].
For z E Z, of the form z(t) = (r, zP,,(t)), it turns out that for any h, k E T,Z.
is a basis of TzZ, and set
Then, for h, k as before, we can write a "Fourier-type" expansion
Assume now that h E ker E(,'(zp,,), i.e.
We plug (13) into this relations, and we get the system
Recalling that ho and hl are periodic, we find Therefore, h E TzZ. This shows that ker E$(z,,,) c Tzp,qZ. Since the converse inclusion is is always true, the lemma follows. on E and the characterization of w(E,z,) and wO as fixed points of contractive mappings, we deduce as in [2] , proof of Lemma 3.2, that lim,,, W(E, z,) = 0. In conclusion, we have that liml,l,+, @,(z, f W(E, 2,)) = EMo (to). Proof. Observe that Z = R x 20, where Zo = {z,,, I lpl = 1q1 = 1, p q = 0).
Remark 2.5. There is a natural action of the group O(2) on the space A, gaven by
According to Theorem 2.1, it suffices to look for critical points of @, . From Lemma 2.4, it follows that either @, = b everywhere, or has a critical point ( f , p , Q). In any case such a critical point gives rise to a (non-trivial) closed geodesic of (M, 9,).
From Remark 2.5, we know that 9, is O(2)-invariant. This allows us to introduce the O(2)-category cat^(^). One has c a t q~) ( 2 ) 2 cat(Z/0(2)) 2 cuplength(Z/0(2)) + 1.
Since cuplength(Z/0(2)) 2 N -1, (see [12] ), then ~a t~(~) ( Z ) 2 N. Finally, by the Lusternik-Schnirel'man theory, M carries a t least N closed geodesics, distinct modulo the action O(2). This proves the first statement.
Next, let
Then (h) immediately implies that
Moreover, if (h2) holds, then r(r,p,q) > 0 for r > TO, and r ( r , p , q) < 0 for T < -TO. Since (recall equation (11)) it follows that
We can now exploit again the O(2) invariance. 7) ), (r, 71)).
Again, we define
and finally
EE(r, 5 ) = E o (~, X) + &G(T, x),

with G as in (7). It is well known ( [ I 11) that
Mo has a closed geodesic ZO. The functional EM, has again a critical manifold Z given by
The counterpart of r in (11) is Let us recall some facts from [lo] .
Remark 3.1. There is a linear operator A, : T,A(Mo) -+ T,A, which is a compact perturbation of the identity, such that In particular, Eo satisfies (AS2).
Definition 3.2. Let
ker ELo (20) 
We say that a closed geodesic zo of Mo is non-degenerate, if
dim ker E L (zo) = 1. [7] . Moreover, it is easy to see that the existence of non-degenerate closed geodesics is a generic property.
Remark 3.3. For example, it is known that when Mo has negative sectional curvature, then all the geodesics of Mo ore non-degenerate. See
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Lemma 3. 4 
. If ro is a non-degenerate closed geodesic of Mo, then Z satisfies (A S2).
Proof. It is always true that Tzr Z C ker E: (z,) . By (26), we have that dim TzT Z = dim ker El (z,) . This implies that Tzr Z = ker E,' (z,) . 
Hence, ker E:(.zT) = { ( h , y) I h is constant, and y E ker E;li, (rO)}. (26)
This completes the proof. We consider the manifold Z = ( u E A 1 u(t) = (p,zo(t + r ) ) , p constant, r E 5'').
Here we do not know, a priori, if Z is non-degenerate in the sense of condition (AS2). But of course ( E o )~ has a minimum at the point (p, zO), where W = (Tp,,-lZ)L. We now check that it is isolated for (Eo)w. We still know that Z = P x Zo. Take any point (p,zr) E Z, and observe that T(p,zylZ = ((r, y) I Finally, thanks to assumption (h3), E ( -R , r ) E ( R , r ) # 0.
This concludes the proof. C1
